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Abstract
We discuss the complexity of a combinatorial problem in the ﬁeld of genetics, which we call Genotype ASsignability problem
and abbreviate as GAS. A pair of genes at a position on a pair of chromosomes is called a genotype. GAS is deﬁned as follows: “A
pedigree is given and, for one of positions where genotypes are located in a set of pairs of chromosomes of a person, the genotypes
at the position of some people in the pedigree are given. Is it possible to assign all other people (i.e., all of the people of which the
genotypes are not given) genotypes for the position so as not to cause inconsistency in the heredity of genotypes at the position in
the whole of the pedigree?” GAS can be used to compute, from the genotypes at the same position of some people in a pedigree, the
genotypes that each person in the pedigree can possess at the position. Although many combinatorial problems have been studied so
far, GAS seems not to have been done yet. Let m be the number of different genes in a pedigree and n that of people in the pedigree.
We prove that GAS is NP-complete when m3 and that it can be solved in linear time O(n) when m = 2.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we consider a combinatorial problem in the ﬁeld of genetics, which we call Genotype ASsignability
problem and abbreviate as GAS. GAS is deﬁned as follows:
1.1. The genetic deﬁnition of GAS
A pedigree is given and, for one of positions where genotypes are located in a set of pairs of chromosomes of a
person, the genotypes at the position of some people in the pedigree are given. Is it possible to assign all other people
(i.e., all of the people of which the genotypes are not given) genotypes for the position so as not to cause inconsistency
in the heredity of genotypes at the position in the whole of the pedigree?
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Fig. 2. An example of the genotype of a child and those of his/her parents at the same position.
We give a supplementary explanation for the above deﬁnition. As shown in Fig. 1, a person has 23 pairs of chromo-
somes [3,7]. There are genes on chromosomes, and a pair of genes (precisely, a multiset that consists of two genes)
at a position on a pair of chromosomes is called a genotype. In Fig. 1, for example, a and b are genes and [a, b] is a
genotype. A genotype is expressed by using square brackets in this paper.
One of two chromosomes that compose a pair of chromosomes of a child is transmitted from the corresponding pair
of chromosomes of his/her father, and another from the corresponding pair of chromosomes of his/her mother [3,7].
Therefore, if we consider the genotype of a child and those (denoted by [x, y] and [z,w]) of his/her parents at the same
position, the genotype of the child is one of [x, z], [x,w], [y, z] and [y,w], where the genes x, . . . , w may contain
the same genes, and the genotypes [x, y], . . . , [y,w] may also contain the same genotypes. This relation that holds
between the genotype of a child and those of his/her parents at the same position is called ‘the genotype heredity law’
in this paper. As an example, consider the case of Fig. 2, where a and b are different genes and both of the genotypes of
the parents of a child at a position under consideration are [a, b]. The child receives, at the position, gene a or b from
his/her father and also gene a or b from his/her mother. Therefore, the genotype of the child at the position becomes
one of three different genotypes [a, a], [a, b] = [b, a] and [b, b], where [a, b] = [b, a] since a genotype is a multiset.
In the deﬁnition of GAS, the phrase ‘not to cause inconsistency in the heredity of genotypes’means the satisfaction
of the genotype heredity law. GAS is a decision problem to determine whether, when the genotypes at the same one
position of some people in a pedigree are given, it is possible or not to assign all other people genotypes for the position
so that, for every child in the pedigree, the genotype heredity law can hold between his/her genotype and those of
his/her parents at the position.
We explain the signiﬁcance of GAS. A genotype often determines the value of a certain observable attribute, called
a phenotype, of a person [3,7]. For example, the ABO blood type is its example, and his/her blood type becomes O
(A, B, AB) when his/her genotype at a certain position is [O,O] ([A,A] or [A,O], [B,B] or [B,O], [A,B]), where
A, B and O are genes. Therefore, genotypes are important in genetics. As an example will be given in Application 1
in Section 2, solving GAS repeatedly computes, from the genotypes at a position of some people in a pedigree, the
genotypes that each person in the pedigree can possess at the position. Therefore, we think that the study of GAS is
useful for some studies of genetics.
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Although many combinatorial problems have been studied so far, GAS seems not to have been done yet [1,2,4–6].
In this paper, we discuss the complexity of GAS. Let m be the number of different genes in a pedigree and n that of
people in the pedigree. We prove that GAS is NP-complete when m3 and that it can be solved in linear time O(n)
when m = 2.
The rest of the paper is organized as follows: we give the formal deﬁnition, examples and an application of GAS in
Section 2. We prove that GAS is NP-complete when m3 in Section 3 and that it can be solved in linear time O(n)
when m = 2 in Section 4. Finally, we summarize the paper in Section 5.
2. Problem GAS
GAS deals with the genotypes at the same one position of people in a pedigree.After this, to simplify explanation, we
make no mention of the position where the genotypes are located.We deﬁne GAS formally. (1)A pedigree is a directed
acyclic graphG=(V ,E) such that the number of the parents of each vertex is two or zero, where a vertex and an edge in
G indicate a person and a parent–child relation in the pedigree, respectively. (2) As mentioned in Section 1, a genotype
is a multiset that consists of two genes, and the genotype of genes a and b is denoted by [a, b]. (3) Let M be the set of
genes that can appear in the pedigree (that is, in the genotypes of people in the pedigree). An assignment of genotypes
to some people W ⊂ V that is given as an input data can be expressed as a mapping g : W → {[x, y]|x, y ∈ M}.
(4) An assignment of genotypes to all people V can also be expressed as a mapping f : V → {[x, y]|x, y ∈ M}. (5)
The genotype heredity law to show the relation between the genotype of a child v and those of the parents of v can be
expressed as follows:
R1 : f (v) ∈ {[x, y]|x ∈ f (v′), y ∈ f (v′′), v′ and v′′ are the parents of v},
which, in brief, is called the genotype heredity law for v. As the result of (1)–(5), GAS is formally deﬁned as follows:
2.1. The formal deﬁnition of GAS
A problem instance I = (G(V,E),M,W, g) composed of the following (i)–(iv) is given:
(i) a directed acyclic graph G = (V ,E) such that the number of the parents of each vertex is two or zero;
(ii) a set M = {a1, . . . , am};
(iii) a subset W of V;
(iv) a mapping g : W → {[x, y] | x, y ∈ M}.
Is there a mapping f : V → {[x, y] | x, y ∈ M} satisfying the following (v) and (vi)?
(v) f (v∗) = g(v∗) for all v∗ ∈ W ;
(vi) the genotype heredity law (R1) (i.e., f (v) ∈ {[x, y] | x ∈ f (v′), y ∈ f (v′′), v′ and v′′ are the parents of v})
for all v ∈ V having its parents.
We call a mapping f : V → {[x, y] | x, y ∈ M} a ‘genotype assignment’ for I, and say that f is ‘consistent’ for I
if and only if f satisﬁes the conditions (v) and (vi) in the formal deﬁnition of GAS. GAS asks whether there exists a
consistent genotype assignment f for a problem instance I or not. Examples and an application of GAS are given below.
Example 1. Consider the problem instance I = (G(V,E),M,W, g) shown by Fig. 3, where V = {v1, . . . , v10},
E = {(v1, v3), (v2, v3), . . . , (v7, v10)}, M = {a, b}, W = {v1, v2, v4, v5, v9}, g(v1) = g(v2) = g(v4) = [a, a] and
g(v5) = g(v9) = [a, b]. We omitted the arrow heads of all edges in the graph, promising that all edges in graphs point
below through this paper. For all v∗ ∈ W , f (v∗) = g(v∗) must hold. Since f (v1) = f (v2) = [a, a], f (v3) must be
f (v3)=[a, a] in order to satisfy the genotype heredity law (R1) for v3. Similarly, since f (v3)=f (v4)=[a, a], f (v7)
must be f (v7)=[a, a]. For example, if we assume f (v6)=f (v8)=f (v10)=[a, b] for V −W −{v3, v7}={v6, v8, v10},
the f becomes consistent for I. Therefore, there exists a consistent genotype assignment for I, that is, the answer for I
is ‘yes’. We shall see this example again in Section 4.





Fig. 3. A problem instance I of GAS.
Example 2. Consider the problem instance of Example 1 where the genotype of v9 has been changed to [b, b] (g(v9)=
[b, b]), which is denoted by I ′.As in Example 1, f (v7)must be f (v7)=[a, a]. Since f (v7)=[a, a] and f (v9)=[b, b],
the genotype heredity law does not hold for v9 in spite of the value of f (v6). Therefore, there exists no consistent
genotype assignment for I ′, that is, the answer for I ′ is ‘no.’
Application 1. Consider computing the genotypes that v9 can possess, assuming that the genotype of v9 is not given
in the problem instance of Example 1. Since M = {a, b}, the genotypes that v9 can possess are some of [a, a], [a, b]
and [b, b]. We can think that v9 can possess genotype [x, y] (x, y ∈ M) if and only if there exists a consistent genotype
assignment for the problem instance in Example 1 where the genotype of v9 is set to the [x, y], which is denoted by
I ′′. For [x, y] = [a, b], as was shown in Example 1, there exists a consistent genotype assignment for I ′′ (=I ). For
[x, y]=[b, b], as in Example 2, there exists no consistent genotype assignment for I ′′ (=I ′). Finally, for [x, y]=[a, a],
as is easily understood, there exists a consistent genotype assignment for I ′′. Therefore, v9 can possess genotypes [a, a]
and [a, b]. As another example, if we consider v7, it can possess only one genotype [a, a], as was shown in Example 1.
3. NP-completeness
We call a restricted version of GAS such that the number of different genes in a pedigree is three (|M| = m = 3)
3GAS.
Theorem 1. 3GAS is NP-complete.
Proof. Showing the following P1 and P2 proves the theorem:
(P1) the 3-satisﬁability problem (3SAT) is polynomially transformable to 3GAS;
(P2) 3GAS is in the classNP.
P2 holds clearly. P1 can be shown by giving:
(P3) the procedure for constructing, from any instance of 3SAT (that is, any CNF expression C), the GAS instance
I = (G(V,E),M,W, g) with m = 3,
and proving:
(P4) the procedure is executed in time linear in the size of CNF expression C;
(P5) the CNF expression C is satisﬁable if and only if there exists a consistent genotype assignment f for the GAS
instance I.
To prove the theorem, we give P3 and prove P4 and P5 in the following:
[P3] Let any CNF expression C be C =C1 ∧C2 ∧ · · · ∧Cp, where each Ci, i = 1, . . . , p, is the logical sum of three
literals arbitrarily selected from literals u1, u1, u2, u2, . . . , uq, uq for logical variables u1, u2, . . . , uq . Let a, b and c
be three different genes, and the one-to-one mapping that makes logical constant 0 (1) correspond to genotype [a, b]


































Fig. 4. The 3GAS instance I corresponding to a 3SAT instanceC: (a) abbreviation #1; (b) abbreviation #2; (c) Ii forCi =xyz (Ii forCi =xyz);
(d) Ii forCi =xyz (Ii forCi =xyz); (e)Kuik , Juik and abbreviation #3; (f) I forC=C1 ∧C2 ∧C3 = (xyz)∧ (xyw)∧ (wyz).
([a, c]) be denoted by t (i.e., t (0)=[a, b] and t (1)=[a, c]). Then, the procedure to construct, from C =C1 ∧ · · ·∧Cp,
the GAS instance I with m = 3 is composed of the following three steps P3.1, P3.2 and P3.3.
[P3.1] For each Ci, i = 1, . . . , p, construct the GAS sub-instance Ii as follows. Let three variables in Ci be x, y, z ∈
{u1, . . . , uq}.When Ci has three positive literals (Ci =x∨y∨ z), construct, as the GAS sub-instance Ii , (c) in Fig. 4 in
which the genotype of vertex vi is set to [a, b].WhenCi has two positive literals (Ci =x∨y∨z), construct, as Ii , (d) in
which the genotype of vi is set to [a, b]. When Ci has one positive literal (Ci =x ∨y ∨ z), construct, as Ii , (d) in which
the genotype of vi is set to [a, c]. Finally, whenCi has no positive literal (Ci=x∨y∨z), construct, as Ii , (c) in which the
genotype of vi is set to [a, c]. Note that the abbreviations shown by (a) and (b) in Fig. 4 are used in several parts in (c) and
(d) in Fig. 4, and that each of (c) and (d) (that is, each GAS sub-instance Ii constructed for Ci) is a small GAS instance
and contains only a, b and c as genes. For example, whenC isC=C1∧C2∧C3=(x∨y∨z)∧(x∨y∨w)∧(w∨y∨z),
the GAS sub-instances I1, I2 and I3 constructed for C1 = x ∨ y ∨ z, C2 = x ∨ y ∨ w and C3 = w ∨ y ∨ z become I1,
I2 and I3 in (f) in Fig. 4, respectively.
[P3.2] For each variable u ∈ {u1, . . . , uq} in C = C1 ∧ · · · ∧ Cp, let all clauses containing u be Ci1 , Ci2 , . . . , Cir .
Iik constructed for Cik , k = 1, . . . , r , in P3.1 contains just one vertex vuik corresponding to the variable u. For each
variable u in C, consider vertex pairs (vuik , vuik+1), k = 1, . . . , r − 1, and, for each of the vertex pairs, construct Kuik
in (e) in Fig. 4, where Kuik contains the two edges intersecting the dot-dash lines. Note that the abbreviation shown
by (b) in Fig. 4 is used in Kuik , and that Kuik contains only a, b and c as genes. As an example, consider the same
CNF expression C = C1 ∧ C2 ∧ C3 = (x ∨ y ∨ z) ∧ (x ∨ y ∨ w) ∧ (w ∨ y ∨ z) that was used as an example in
P3.1. For example, since variable y is contained in C1, C2 and C3, Ky1 and Ky2 in (f) in Fig. 4 are constructed for y,
where Ky1 (Ky2) is the dotted line having an arrow with four arrow heads that connects two vertexes vy1 (vy2) and
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Table 1
(fi (vxi ), fi(vyi ), fi(vzi )) when there exists a consistent genotype assignment fi for Ii
Ii for Ii for Ii for Ii for
fi(vxi ) fi (vyi ) fi (vzi ) x ∨ y ∨ z x ∨ y ∨ z x ∨ y ∨ z x ∨ y ∨ z
1 [a, b] [a, b] [a, b] × ◦ ◦ ◦
2 [a, b] [a, b] [a, c] ◦ × ◦ ◦
3 [a, b] [a, c] [a, b] ◦ ◦ ◦ ◦
4 [a, b] [a, c] [a, c] ◦ ◦ ◦ ◦
5 [a, c] [a, b] [a, b] ◦ ◦ ◦ ◦
6 [a, c] [a, b] [a, c] ◦ ◦ ◦ ◦
7 [a, c] [a, c] [a, b] ◦ ◦ × ◦
8 [a, c] [a, c] [a, c] ◦ ◦ ◦ ×
vy2 (vy3) in (f). Note that the abbreviation shown by (e) in Fig. 4 is used for Ky1 and Ky2 in (f). The CNF expression
C =C1 ∧C2 ∧C3 = (x ∨ y ∨ z)∧ (x ∨ y ∨w)∧ (w ∨ y ∨ z) contains four variables x, y, z and w in all. When Kuik
for all variables u ∈ {x, y, z, w} in C =C1 ∧C2 ∧C3 = (x ∨ y ∨ z)∧ (x ∨ y ∨w)∧ (w ∨ y ∨ z) are constructed, they
become all dotted lines having an arrow with four arrow heads in (f).
[P3.3] Finally, as the GAS instance I with m = 3 corresponding to the CNF expression C = C1 ∧ C2 ∧ · · · ∧ Cp,
construct the combination of all Ii constructed in P3.1 and all Kuik constructed in P3.2. The I constructed in such a
way is certainly a GAS instance and, since any Ii (Kuik ) contains only a, b and c as genes, the number of different
genes in the I is certainly three (m = 3). For example, the GAS instance I constructed from the same CNF expression
C = C1 ∧ C2 ∧ C3 = (x ∨ y ∨ z) ∧ (x ∨ y ∨ w) ∧ (w ∨ y ∨ z) that was used as examples in P3.1 and P3.2 becomes
the whole of (f) in Fig. 4.
[P4] The number of Ii constructed in P3.1 is p, and that of the vertexes (edges) in each Ii is 17 or 19 (16 or 18). The
number of Kuik constructed in P3.2 is no more than (p − 1)× 3, and that of the vertexes (edges) in each Kuik is 5 (6).
Therefore, the above procedure composed of P3.1, P3.2 and P3.3 can be executed in time O(p) linear in the size of C.
[P5] To prove P5, ﬁrst, we explain:
(P5.1) the properties of each Ii constructed in P3.1;
(P5.2) the property of each Kuik constructed in P3.2,
and then, by using these properties, show:
(P5.3) there exists a consistent genotype assignment f for I if C is satisﬁable;
(P5.4) C is satisﬁable if there exists a consistent genotype assignment f for I.
P5.3 and P5.4 prove P5.
[P5.1]As mentioned in P3.1 and P3.2, each GAS sub-instance Ii constructed for each of clausesCi =x∨y∨z, Ci =
x ∨ y ∨ z, Ci = x ∨ y ∨ z and Ci = x ∨ y ∨ z in P3.1 is a GAS instance, and contains vertexes vxi, vyi and vzi that
correspond to variables x, y and z in Ci , respectively. Table 1, for each Ii , shows (fi(vxi), fi(vyi), fi(vzi)) when there
exists a consistent genotype assignment fi for Ii . For each (fi(vxi), fi(vyi), fi(vzi))marked ◦, there exists a consistent
genotype assignment fi with the (fi(vxi), fi(vyi), fi(vzi)). And, for each of (fi(vxi), fi(vyi), fi(vzi)) marked × and
(fi(vxi), fi(vyi), fi(vzi)) that does not appear in the table, there exists no consistent genotype assignment fi with
the (fi(vxi), fi(vyi), fi(vzi)). As an example, consider Ii constructed for Ci = x ∨ y ∨ z. For example, there exists
a consistent genotype assignment fi with (fi(vxi), fi(vyi), fi(vzi)) = ([a, b], [a, b], [a, c]), but there exists no con-
sistent genotype assignment fi with (fi(vxi), fi(vyi), fi(vzi)) = ([a, b], [a, b], [a, b]) or (fi(vxi), fi(vyi), fi(vzi)) =
([a, a], [a, a], [a, a]). Table 2 is the truth table for clauses Ci . (x, y, z) in the kth line of Table 2 corresponds to
(fi(vxi), fi(vyi), fi(vzi)) in the same kth line of Table 1 under the one-to-one mapping t.
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Table 2
The truth table for clauses Ci
x y z x ∨ y ∨ z x ∨ y ∨ z x ∨ y ∨ z x ∨ y ∨ z
1 0 0 0 0 1 1 1
2 0 0 1 1 0 1 1
3 0 1 0 1 1 1 1
4 0 1 1 1 1 1 1
5 1 0 0 1 1 1 1
6 1 0 1 1 1 1 1
7 1 1 0 1 1 0 1
8 1 1 1 1 1 1 0
From comparison with Tables 1 and 2, the following properties of Ii are obtained:
(i) If an assignment (x, y, z) = (dx, dy, dz), where dx, dy and dz are 0 or 1, makes the value of Ci 1, there exists a
consistent genotype assignment fi for Ii such that the genotypes fi(vxi), fi(vyi) and fi(vzi) of vxi, vyi and vzi
are equal to t (dx), t (dy) and t (dz), respectively;
(ii) If there exists a consistent genotype assignment fi for Ii , the genotypes fi(vxi), fi(vyi) and fi(vzi) of vxi, vyi and
vzi are [a, b] or [a, c], and the inverse of the mapping t of those genotypes, (x, y, z)= (t−1(fi(vxi)), t−1(fi(vyi)),
t−1(fi(vzi))), makes the value of Ci 1.
[P5.2] By adding, to each Kuik constructed in P3.2, the two vertexes vuik and vuik+1 and the two arrows with two or
three arrow heads, a GAS instance is obtained ((e) in Fig. 4). Let the GAS instance be denoted by Juik . Juik has the
following property:
(iii) For Juik , there exist a consistent genotype assignment f ′ with f ′(vuik ) = f ′(vuik+1) = [a, b] and a consistent
genotype assignment f ′′ with f ′′(vuik )=f ′′(vuik+1)=[a, c], and there exists no consistent genotype assignment
other than f ′ and f ′′.
[P5.3] Assuming that C = C1 ∧ · · · ∧ Cp is satisﬁable, let any satisfying assignment be denoted by (u1, . . . , uq) =
(d1, . . . , dq), where each dj is 0 or 1. (u1, . . . , uq)=(d1, . . . , dq)makes the value of eachCi, i=1, . . . , p, 1. Therefore,
from (i) in P5.1, for each Ii , there exists a consistent genotype assignment fi with fi(vuj i)= t (dj ) for all variables uj
in Ci . Let Juik ((e) in Fig. 4) for variable u= uj (j ∈ {1, . . . , q}) explained in P5.2 be denoted by Juj ik . For the above
genotype assignments (f1, f2, . . . , fp), the genotypes of vertexes vuj ik and vuj ik+1 at both ends of each Juj ik (that is,
Juj ik for each uj and each ik) coincide to become [a, b] or [a, c] (fik (vuj ik )= fik+1(vuj ik+1)= t (dj )=[a, b] or [a, c]).
Therefore, from (iii) in P5.2, there exists a consistent genotype assignment f ∗h with f ∗h (vuj ik )=f ∗h (vuj ik+1)= t (dj ) for
each Juj ik . Consequently, if we consider the genotype assignment f obtained by combining such genotype assignments
fi and such genotype assignments f ∗h , the f becomes consistent for the whole of I.
[P5.4] Assume that there exists a consistent genotype assignment f for I. f restricted to each Ii is also consistent
for the Ii . Therefore, from (ii) in P5.1, (a), for each Ci, i = 1, . . . , p, the assignment for variables uj1 , uj2 , uj3 in Ci ,
(uj1 , uj2 , uj3) = (t−1(f (vuj1 i )), t−1(f (vuj2 i )), t−1(f (vuj3 i ))), makes the value of Ci 1. f restricted to each Juj ik is
also consistent for the Juj ik . Therefore, from (iii) in P5.2, (b), for each variable uj , j = 1, . . . , q, in C, the genotypes
f (vuj i) of all vertexes vuj i in I corresponding to uj coincide to become a certain value, which is denoted by ej
(f (vuj i) = ej for {(j, i) | j = 1, . . . , q. i = 1, . . . , p. uj is included in Ci.}). From (a) and (b), if we consider the
assignment (u1, . . . , uq) = (t−1(e1), . . . , t−1(eq)), it makes the value of each Ci, i = 1, . . . , p, 1, and, therefore,
makes the value of C = C1 ∧ · · · ∧ Cp 1. 
4. Linear time algorithm that solves GAS for m= 2
Let n be the number of all vertexes in GAS. We give an algorithm that can solve GAS for m= 2 in linear time O(n)
in the following. The two genes are denoted by a and b.
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Algorithm L. (Linear time algorithm that solves GAS for m = 2).
Step 1: Assign every vertex v ∈ V a number ord(v) so that ord(parent) < ord(child) holds for every child and each
of its parents.
Step 2: Set f (v∗) to g(v∗) for every v∗ ∈ W (f (v∗)= g(v∗) for every v∗ ∈ W ). Carry out the following processing
for every v ∈ V − W in ascending order of ord(v). If both of the genotypes of the parents of v are [a, a] ([b, b]), set
f (v) to [a, a] ([b, b]) (f (v) = [a, a] ([b, b])). Otherwise set f (v) to [a, b] (f (v) = [a, b]).
Step 3: If f satisﬁes the genotype heredity law (R1) for every v ∈ V having its parents, output ‘yes’ (i.e., there exists
a consistent genotype assignment for I). Otherwise output ‘no.’
Consider applying Algorithm L to GAS of Fig. 3 in Section 2. Step 1 computes as ord’s, for example, the order of
v1, v2, v4, v5, v6, v3, v8, v7, v9, v10. Step 2 computes f (v1)= f (v2)= f (v4)= [a, a] and f (v5)= f (v9)= [a, b] for
W, and f (v3)= f (v7)=[a, a] and f (v6)= f (v8)= f (v10)=[a, b] for V −W . Since f satisﬁes the genotype heredity
law (R1) for every v ∈ V having its parents, step 3 outputs ‘yes.’ The genotype assignment f in Example 1 in Section
2 was computed in this way.
When the genotype assignment f computed by the algorithm is consistent, there certainly exists a consistent genotype
assignment for I. On the other hand, from the following Lemma 2, when the genotype assignment f computed by the
algorithm is inconsistent for I, there exists no consistent genotype assignment for I. Therefore, the algorithm can output
an answer correctly.
Since all of the worst case time complexities of steps 1–3 are O(n), that of the algorithm is also O(n).
In the following, we give Lemmas 1 and 2. Lemma 1 is used to prove Lemma 2.
Lemma 1. Let f be the genotype assignment that Algorithm L computes for a GAS instance I = (G(V,E),M,W, g).
Assume that there exists a consistent genotype assignmentf ′ for I such thatVaaV ′aa ,whereVaa={v | f (v)=[a, a], v ∈
V } and V ′aa = {v | f ′(v) = [a, a], v ∈ V }, and let v† be the vertex in V ′aa − Vaa such that ord(v†) = min{ord(v) |
v ∈ V ′aa − Vaa}. Then, the genotype assignment f ′′ that is obtained from f ′ by changing the genotype of only v† from
[a, a] to [a, b] (f ′′(v†) = [a, b] and f ′′(v) = f ′(v) for all v ∈ V − {v†}) is also consistent for I.
Proof. Showing the followingQ1 andQ2 proves the lemma, that is, that the genotype assignment f ′′ is consistent for I:
(Q1) the condition (v) in the formal deﬁnition of GAS in Section 2 holds for f ′′, that is, f ′′(v∗)=g(v∗) for all v∗ ∈ W ;
(Q2) the condition (vi) in the formal deﬁnition of GAS holds for f ′′, that is, the genotype heredity law for f ′′ holds
for all v ∈ V having its parents.
We show Q1 and Q2 in the following:
[Q1] Since f ′ is consistent, (1) f ′(v∗) = g(v∗) for all v∗ ∈ W . From step 2 of the algorithm, (2) f (v∗) = g(v∗) for
all v∗ ∈ W . From (1) and (2), (3) f ′(v∗) = f (v∗) for all v∗ ∈ W . From f ′(v†) = [a, a] = f (v†) and (3), (4) v† /∈W .
From f ′′(v) = f ′(v) for all v ∈ V − {v†} and (4), (5) f ′′(v∗) = f ′(v∗) for all v∗ ∈ W . Finally, from (1) and (5),
f ′′(v∗) = g(v∗) for all v∗ ∈ W .
[Q2] Since f ′′(v)=f ′(v) holds for all v ∈ V −{v†} and the genotype heredity law for f ′ holds for all v ∈ V having
its parents, showing the following Q2.1 and Q2.2 proves Q2:
(Q2.1) When the vertex v† has its parents, the genotype heredity law for f ′′ holds for v†;
(Q2.2) When v† has its children, the genotype heredity law for f ′′ holds for each v†c of the children.
We prove Q2.1 and Q2.2 in the following:
[Q2.1] Let the parents of v† be denoted by v†1 and v†2. Since f ′(v†) is [a, a] (f ′(v†) = [a, a]) and f ′ is consistent,
(i) f (v†1) = [b, b] and f ′(v†2) = [b, b]. If f ′(v†1) = f ′(v†2) = [a, a], since ord(v†) = min{ord(v) | v ∈ V ′aa − Vaa},
v
†
1 /∈V ′aa − Vaa and v†2 /∈V ′aa − Vaa , and, therefore, (ii) v†1 ∈ Vaa and v†2 ∈ Vaa . From (ii) and step 2 of the algorithm,
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v† ∈ Vaa , which contradicts v† ∈ V ′aa − Vaa . Therefore, (iii) at least one of f ′(v†1) andf ′(v†2) is not [a, a]. From (i)
and (iii),
(f ′(v†1), f
′(v†2)) ∈ {([a, a], [a, b]), ([a, b], [a, a]), ([a, b], [a, b])}.
Therefore,
[a, b] ∈ {[x, y] | x ∈ f ′(v†1), y ∈ f ′(v†2)}.
From f ′′(v†) = [a, b], f ′′(v†1) = f ′(v†1), f ′′(v†2) = f ′′(v†2) and the above,
f ′′(v†) ∈ {[x, y] | x ∈ f ′′(v†1), y ∈ f ′′(v†2)},
that is, the genotype heredity law for f ′′ holds for v†.
[Q2.2] Let another parent of a child v†c of v† be denoted by v†s . Since the genotype heredity law for f ′ holds for the
child v†c ,
f ′(v†c ) ∈ {[x, y] | x ∈ f ′(v†), y ∈ f ′(v†s )}.
The element of f ′(v†)=[a, a], that is, a is also contained in f ′′(v†)=[a, b], and f ′(v†c )=f ′′(v†c ) and f ′(v†s )=f ′′(v†s )
hold. Therefore,
f ′′(v†c ) ∈ {[x, y] | x ∈ f ′′(v†), y ∈ f ′′(v†s )}.
That is, the genotype heredity law for f ′′ holds for the child v†c . 
Lemma 2. If there exists a consistent genotype assignment f ′ for I, the genotype assignment f computed by Algorithm
L is also consistent for I.
Proof. For the case of f ′ = f , the lemma holds clearly. We show that the lemma also holds for the case of f ′ = f in
the following.
As in Lemma 1, let Vaa and V ′aa be Vaa = {v | f (v) = [a, a], v ∈ V } and V ′aa = {v | f ′(v) = [a, a], v ∈ V }. From
step 2 of the algorithm, Vaa is the same vertex set that is recursively deﬁned by the following rules (1) and (2):
(1) if v ∈ W and g(v) = [a, a], v ∈ Vaa ;
(2) if v /∈W and the parents v′ and v′′ of v are included in Vaa , v ∈ Vaa ,
and, therefore, (i) Vaa is the smallest of vertex sets U (⊆ V ) satisfying the following conditions (3) and (4) in the
sense that Vaa ⊆ U for all U:
(3) if v ∈ W and g(v) = [a, a], v ∈ U ;
(4) if v /∈W and the parents v′ and v′′ of v are included in U, v ∈ U .
Since f ′ is consistent, that is, satisﬁes the condition (v), f ′(v) = g(v) for all v ∈ W , and the condition (vi), f ′(v) ∈
{[x, y] | x ∈ f ′(v′), y ∈ f ′(v′′), v′ and v′′ are the parents of v} for all v ∈ V having its parents, in the formal
deﬁnition of GAS in Section 2, (ii) V ′aa satisﬁes at least the above conditions (3) and (4) for U = V ′aa . From the
above (i) and (ii), (iii) Vaa ⊆ V ′aa holds. Similarly, letting Vbb and V ′bb be Vbb = {v | f (v) = [b, b], v ∈ V } and
V ′bb = {v | f ′(v) = [b, b], v ∈ V }, (iv) Vbb ⊆ V ′bb holds. From (iii), (iv) and the assumption f ′ = f , it holds that
Vaa ⊆ V ′aa and Vbb ⊆ V ′bb and (VaaV ′aaor VbbV ′bb).
Consider the case of VaaV ′aa and VbbV ′bb. Then, since f ′ satisﬁes the condition of Lemma 1 (i.e., f ′ is a consistent
genotype assignment for I such that VaaV ′aa), by changing the genotype of a certain vertex v† in V ′aa −Vaa from [a, a]
to [a, b], the consistent genotype assignment f ′′ for I is obtained from f ′, where Vaa ⊆ V ′′aa ={v | f ′′(v)=[a, a], v ∈
V }V ′aa and |V ′′aa| = |V ′aa| − 1. By applying the same processing to the consistent genotype assignment f ′′, the
consistent genotype assignment f ′′′ for I is obtained from f ′′, where Vaa ⊆ V ′′′aa = {v | f ′′′(v) = [a, a], v ∈ V }V ′′aa
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and |V ′′′aa| = |V ′′aa| − 1. By applying the same processing to the obtained consistent genotype assignments repeatedly,at
last,the consistent genotype assignment f † for I such that V †aa = {v | f †(v) = [a, a], v ∈ V } coincides with Vaa can
be obtained,where V †aa =Vaa and V †bb = {v | f †(v)= [b, b], v ∈ V } =V ′bbVbb. As f † has been obtained from f ′,by
changing the genotype of each vertex in V †bb − Vbb from [b, b] to [a, b] repeatedly,the consistent genotype assignment
f †† for I such that V ††bb ={v | f ††(v)=[b, b], v ∈ V } coincides with Vbb can be obtained from f †,where V ††bb =Vbb and
V
††
aa =V †aa =Vaa . The consistent genotype assignment f †† coincides with f sinceV ††aa =Vaa and V ††bb =Vbb. Therefore,
for the case of VaaV ′aa and VbbV ′bb, f is consistent for I.
We consider the remaining cases, that is, the case where VaaV ′aa and Vbb =V ′bb hold and the case where Vaa =V ′aa
and VbbV ′bb hold. In any case, the consistent genotype assignment f ∗ for I that coincides with f can be obtained
from f ′, and therefore, f is also consistent for I. From the results for three cases mentioned above, Lemma 2 has been
proved. 
5. Conclusion
In this paper, we have discussed the complexity of GAS. Let m be the number of different genes in a pedigree and
n that of all people in the pedigree. We have proved that GAS is NP-complete when m3 and that it can be solved in
linear time O(n) when m = 2.
Algorithms to solve GAS for m3 and the complexities of various problems relevant to GAS are the subjects for
future studies.
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